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A radial bas i s fu nct ion ap pro xim a t ion h as t h e form

s ( x ) =

n

X

j =1

y

j

' ( x � x

j

) ; x 2 R

d

;

wh ere ' : R

d

! R i s som e giv en (usually radially symm etr ic) fu nct ion, ( y

j

)

n

1

are re al co e�cien t s, an d

t h e cen tre s ( x

j

)

n

1

are p oin t s in R

d

. F or a wid e clas s of fu nct ions ' , it i s kno wn t h a t t h e in t erp o la t ion

m a tr ix A = ( ' ( x

j

� x

k

))

n

j;k =1

i s in v ert ib le. F urt h er, s ev eral recen t pap ers h a v e pro vid e d up p er

b ou n ds on k A

� 1

k

2

, wh ere t h e p oin t s ( x

j

)

n

1

sa t i sfy t h e con dit ion k x

j

� x

k

k

2

� � , j 6= k , for som e

p o s it iv e const an t � . In t hi s pap er, w e calcula t e s imilar up p er b ou n ds on k A

� 1

k

p

for p � 1 whic h

ap p ly wh en ' d ecays su�cien t ly quic kly an d A i s symm etr ic an d p o s it iv e d e�nit e. W e includ e an

ap p lica t ion of t hi s an alys i s t o a precon dit ionin g of t h e in t erp o la t ion m a tr ix A

n

= ( ' ( j � k ))

n

j;k =1

wh en ' ( x ) = ( x

2

+ c

2

)

1 = 2

, t h e Hardy m ul t iquadr ic. In part icular, w e sh o w t h a t sup

n

k A

� 1

n

k

1

i s

�nit e. F urt h ermore, w e �n d t h a t t h e bi-in�nit e symm etr ic T o ep litz m a tr ix E = ( ' ( j � k ))

j;k 2Z

d

enjo ys t h e rem ar ka b le pro p ert y t h a t k E

� 1

k

p

= k E

� 1

k

2

for ev ery p � 1 wh en ' i s a Ga us s ian.

In d ee d, w e also sh o w t h a t t hi s pro p ert y p ers i st s for an y fu nct ion ' whic h i s a t ensor pro d u ct of

ev en, a b so lu t ely in t egra b le P� oly a f requency fu nct ions.
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1. In tro d u ct ion

A radial bas i s fu nct ion ap pro xim a t ion h as t h e form

s ( x ) =

n

X

j =1

y

j

' ( x � x

j

) ; x 2 R

d

;

wh ere ' : R

d

! R i s som e giv en (usually radially symm etr ic) fu nct ion, ( y

j

)

n

1

are re al co e�cien t s,

an d t h e cen tre s ( x

j

)

n

1

are p oin t s in R

d

. Su c h ap pro xim an t s pro vid e a 
exib le an d us eful ap proac h

t o m ul t iv ar ia t e in t erp o la t ion (s ee [D, P]). F or a wid e clas s of fu nct ions ' , it i s kno wn t h a t t h e

in t erp o la t ion m a tr ix

A = ( ' ( x

j

� x

k

))

n

j;k =1

(1 : 1)

i s in v ert ib le (s ee [M, MN]). F urt h er, s ev eral recen t pap ers [B, NW1, NW2, Ba1, Ba2] h a v e pro vid e d

up p er b ou n ds on k A

� 1

k

2

, wh ere t h e p oin t s ( x

j

)

n

1

sa t i sfy t h e s epara t ion con dit ion k x

j

� x

k

k

2

� � ,

j 6= k , for som e p o s it iv e const an t � . In t hi s pap er w e d er iv e up p er b ou n ds on k A

� 1

k

p

for cert ain

fu nct ions ' an d p � 1, u n d er t h e sam e s epara t ion con dit ion on t h e s et of cen tre s. Sp eci�cally ,

in Sect ion 2, w e us e t ot al p o s it ivit y t o sh o w t h a t t h e bi-in�nit e symm etr ic T o ep litz m a tr ix E =

(exp( � � k j � k k

2

2

))

j;k 2Z

d enjo ys t h e rem ar ka b le pro p ert y t h a t k E

� 1

k

p

= k E

� 1

k

2

for ev ery p � 1.

(W e refer t h e re ad er t o [GS] or [W] for t h e gen eral t h eory of T o ep litz m a tr ice s.) F urt h ermore, w e

sh o w t h a t t hi s re sul t gen eralize s t o a cert ain larger clas s of bi-in�nit e symm etr ic T o ep litz m a tr ice s

gen era t e d b y P� oly a f requency fu nct ions. In Sect ion 3, w e sh o w t h a t a t h eorem of Demk o, Mo s s an d

Smit h on t h e in v ers e of a ban d e d symm etr ic p o s it iv e d e�nit e m a tr ix can b e us e d t o pro vid e b ou n ds

on k A

� 1

k

1

, wh ere A i s giv en b y (1.1), ' i s a str ict ly p o s it iv e d e�nit e fu nct ion (s ee De�nit ion 1.1)

sa t i sfyin g cert ain gro wt h re str ict ions, an d ( x

j

)

n

1

can b e an y s et of di�eren t p oin t s in R

d

. Moreo v er,

t h e symm etry of A imp lie s k A

� 1

k

1

= k A

� 1

k

1

, wh ence t h e Rie sz con v exit y t h eorem [HLP , p. 214],

whic h st a t e s t h a t log k A

� 1

k

p

i s a con v ex fu nct ion of 1 =p , pro vid e s an up p er b ou n d on k A

� 1

k

p

for all

p � 1. Th e re sul t s of Sect ion 3 do not ap p ly direct ly t o t h e m an y u n b ou n d e d radial bas i s fu nct ions

st udie d in t h e lit era t ure. Ho w ev er, w e us e a precon dit ionin g argu m en t an d t h e m ain t h eorem of

Sect ion 3 t o pro v e t h a t t h e in v ers e s of t h e m a tr ice s

A

n

= ( ' ( j � k ))

n

j;k =0

; n = 0 ; 1 ; : : : ;

wh ere ' ( x ) = ( x

2

+ c

2

)

1 = 2

an d c i s a p o s it iv e const an t, are u niformly b ou n d e d in t h e 1 -norm.

Once again, symm etry an d t h e Rie sz con v exit y t h eorem imp ly t h a t t h e m a tr ice s ( A

� 1

n

)

1

n =0

are also

u niformly b ou n d e d in t h e p -norm for ev ery p � 1.
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T o t h e wr it ers' kno wle dge, t hi s i s t h e �rst pap er d e dica t e d t o t h e st udy of up p er b ou n ds for

k A

� 1

k

p

for p 6= 2. Ho w ev er, t h e re sul t for t h e m ul t iquadr ic in Sect ion 4 w as di sco v ere d in d e-

p en d en t ly b y M. J. D. P o w ell (pr iv a t e comm u nica t ion), wh o s e t ec hnique w as quit e di�eren t; hi s

st udy of k A

� 1

n

k

1

w as mot iv a t e d b y a d e s ire t o u n d erst an d t h e u niform error of in t erp o la t ion b y a

m ul t iquadr ic on a regular gr id [BP].

W e sh all n ee d t h e fo llo win g d e�nit ion an d pro p o s it ion in Sect ions 3 an d 4.

De�nit ion 1.1. W e sh all say t h a t a fu nct ion f : R

d

! C i s p ositive de�nite if it i s m e asura b le an d

n

X

j;k =1

a

j

a

k

f ( x

j

� x

k

) � 0 (1 : 2)

for an y comp lex s equence ( a

j

)

n

j =1

an d an y p oin t s ( x

j

)

n

j =1

in R

d

. F urt h er, w e sh all say t h a t f i s

strictly p ositive de�nite if in equalit y (1.2) i s str ict wh en ev er ( a

j

)

n

j =1

i s a non-zero s equence an d t h e

p oin t s ( x

j

)

n

j =1

are all di�eren t.

Pro p o s it ion 1.2. L et f : R

d

! R b e p ositive de�nite. Then f ( x ) = f ( � x ) for every x 2 R

d

.

Pr o of. See [R, p.18].

2. Cardin al in t erp o lat ion an d norm e st im a t e s

Let � b e a p o s it iv e const an t an d let ' : R

d

! R b e t h e Ga us s ian

' ( x ) = exp ( � � k x k

2

2

) ; x 2 R

d

: (2 : 1)

In t hi s s ect ion w e pro v e t h e rem ar ka b le re sul t t h a t t h e bi-in�nit e symm etr ic T o ep litz m a tr ix A =

( ' ( j � k ))

j;k 2Z

d sa t i s�e s t h e equa t ion

k A

� 1

k

p

= k A

� 1

k

1

for ev ery p gre a t er t h an on e. Us in g som e recen t w or k of Baxt er an d Micc h elli, w e can view t hi s

as a cons equence of t h e f act t h a t t h e Ga us s ian i s an ev en, a b so lu t ely in t egra b le P� oly a f requency

fu nct ion, an d w e addre s s t hi s p oin t br ie
y a t t h e en d of t h e s ect ion. In d ee d, it w ould b e p o s s ib le t o

b egin our st udy wit h t hi s more gen eral w or k, bu t w e h a v e c h o s en t o concen tra t e on t h e part icular

cas e of t h e Ga us s ian b eca us e of it s gre a t er f amiliar it y t o m an y re ad ers.

W e b egin wit h t h e cas e d = 1. Cons id er t h e bi-in�nit e, symm etr ic T o ep litz m a tr ix A = ( ' ( j �

k ))

j;k 2Z

. Th en t h e t h eory of T o ep litz m a tr ice s [W, Sect ion 2] imp lie s t h a t A i s an in v ert ib le b ou n d e d

lin e ar o p era t or on `

p

( Z ) for ev ery p � 1 b eca us e t h e sym b o l fu nct ion

� ( � ) =

X

k 2Z

^' ( � + 2 � k ) ; � 2 R ;

3



baxter, siv akumar and w ard

i s a p o s it iv e con t in uous fu nct ion. F urt h ermore, A

� 1

i s a T o ep litz m a tr ix, say , A

� 1

= ( c

j � k

)

j;k 2Z

.

Th en t h e c ar dinal function � : R ! R giv en b y

� ( x ) =

X

k 2Z

c

k

' ( x � k ) ; x 2 R ; (2 : 2)

sa t i s�e s � ( j ) = �

0 j

, j 2 Z , an d t h e exp on en t ial d ecay of ' ensure s t h e a b so lu t e con v ergence of t h e

s er ie s in equa t ion (2.2) a t ev ery p oin t x in R .

W e sh all pro v e t h e fo llo win g.

Th eorem 2.1. k A

� 1

k

p

= k A

� 1

k

2

for p � 1 .

W e �rst n ee d a prelimin ary re sul t.

Pro p o s it ion 2.2. The c o e�cients ( c

k

)

k 2Z

of the c ar dinal function � alternate in sign, that is

( � 1)

k

c

k

� 0 for every inte ger k .

Pr o of. F or e ac h non-n ega t iv e in t eger n , w e let

A

n

= ( ' ( j � k ))

n

j;k = � n

: (2 : 3)

No w A

n

i s an in v ert ib le t ot ally p o s it iv e m a tr ix (s ee [K, Sect ion 7.1, p. 334]), t h a t i s ev ery minor

i s non-n ega t iv e. Th erefore A

� 1

n

enjo ys t h e \c h equerb oard" pro p ert y: t h e elem en t s of t h e in v ers e

m a tr ix sa t i sfy ( � 1)

j + k

( A

� 1

n

)

j k

� 0, for j; k = � n; : : : ; n . In part icular, if w e let

c

nk

= ( A

� 1

n

)

0 k

; k = � n; : : : ; n; (2 : 4)

t h en ( � 1)

k

c

nk

� 0 an d t h e d e�nit ion of A

� 1

n

pro vid e s t h e equa t ions

n

X

k = � n

c

nk

' ( j � k ) = �

0 j

; j = � n; : : : ; n: (2 : 5)

Th us t h e fu nct ion �

n

: R ! R d e�n e d b y

�

n

( x ) =

n

X

k = � n

c

nk

' ( x � k ) ; x 2 R ; (2 : 6)

i s a cardin al fu nct ion of in t erp o la t ion for t h e �nit e s et f� n; : : : ; n g .

No w Th eorem 9 of [BM] sup p lie s t h e fo llo win g us eful f act rela t in g t h e co e�cien t s of �

n

an d � :

lim

n !1

c

nk

= c

k

; k 2 Z :

4
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Hence t h e pro p ert y ( � 1)

k

c

nk

� 0 imp lie s t h e require d con dit ion ( � 1)

k

c

k

� 0.

Pr o of of The or em 2.1. By [W, p. 186],

c

k

= (2 � )

� 1

Z

2 �

0

1

� ( � )

e

� ik �

d� ; k 2 Z ; (2 : 7)

wh ere

� ( � ) =

X

k 2Z

^' ( � + 2 � k ) ; � 2 R : (2 : 8)

Th erefore, us in g st an d ard re sul t s of T o ep litz o p era t or t h eory ([W, Th eorem 1']), w e obt ain t h e

expre s s ion

k A

� 1

k

2

= m ax f

1

� ( � )

: � 2 [0 ; 2 � ] g :

A p p lyin g Lemm a 2.7 of [Ba2], w e get

k A

� 1

k

2

=

1

� ( � )

=

X

k 2Z

( � 1)

k

c

k

: (2 : 9)

Bu t Pro p o s it ion 2.1 an d t h e symm etry of A pro vid e t h e rela t ions

k A

� 1

k

1

= k A

� 1

k

1

=

X

k 2Z

j c

k

j =

X

k 2Z

( � 1)

k

c

k

: (2 : 10)

Th erefore A

� 1

i s a non tr ivial lin e ar o p era t or on `

p

( Z ), for p = 1 ; 2, an d 1 , wh o s e norms agree on

e ac h of t h e s e s equence space s. Cons equen t ly , t h e Rie sz con v exit y t h eorem [HLP , p. 214] imp lie s

k A

� 1

k

p

= k A

� 1

k

2

for p � 1.

T ur nin g no w t o t h e m ul t iv ar ia t e cas e, w e let ' ( x ) = exp ( � � k x k

2

2

), � > 0, x 2 R

d

, an d d e�n e

A := ( ' ( j � k ))

j;k 2Z

d . Th en A m ay b e view e d as a b ou n d e d lin e ar o p era t or on `

p

( Z

d

) for p � 1.

As b efore, A

� 1

= ( c

( d )

j � k

)

j;k 2Z

d , wh ere ( c

( d )

j

)

j 2Z

d are t h e co e�cien t s of t h e m ul t iv ar ia t e cardin al

fu nct ion, t o wit:

P

k 2Z

d

c

( d )

k

' ( j � k ) = �

0 ;j

, j 2 Z

d

. Th e fo llo win g i s an ext ens ion of Th eorem

2.1.

Pro p o s it ion 2.3. L et A = ( ' ( j � k ))

j;k 2Z

d . Then k A

� 1

k

p

= k A

� 1

k

2

for p � 1 .

Pr o of. Th e T o ep litz t h eory an d [Ba2, Lemm a 2.8] giv e t h e rela t ions

c

( d )

k

= (2 � )

� d

Z

[0 ; 2 � ]

d

1

�

( d )

( � )

e

� ik �

d� ; k = ( k

1

; : : : ; k

d

) 2 Z

d

(2 : 11)

an d

k A

� 1

k

2

=

1

� ( � ; � ; : : : ; � )

=

X

k 2Z

d

( � 1)

k

1

+ ��� k

d

c

( d )

k

;
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wh ere

�

( d )

( � ) =

X

k 2Z

d

^' ( � + 2 � k ) : (2 : 12)

Moreo v er,

k A

� 1

k

1

= k A

� 1

k

1

=

X

k 2Z

d

j c

( d )

k

j : (2 : 13)

Th erefore it su�ce s t o d emonstra t e t h a t ( � 1)

k

1

+ ��� + k

d

c

( d )

k

� 0 for all k 2 Z

d

. T o t hi s en d, w e not e

t h a t, s ince ^' i s a t ensor pro d u ct of u niv ar ia t e Ga us s ians, w e h a v e

�

( d )

( � ) =

d

Y

j =1

� ( �

j

) ; � = ( �

1

; : : : ; �

d

) 2 R

d

; (2 : 14)

wh ere � i s t h e u niv ar ia t e sym b o l giv en b y (2.8). Cons equen t ly , (2.11) imp lie s

c

( d )

k

=

d

Y

j =1

c

k

j

; k 2 Z

d

; (2 : 15)

wh ence

( � 1)

k

1

+ ��� + k

d

c

( d )

k

=

d

Y

j =1

( � 1)

k

j

c

k

j

� 0 ;

b y Pro p o s it ion 2.2. Once again, t h e Rie sz con v exit y t h eorem ensure s t h e v alidit y of t h e as s ert ion

for all p � 1.

Fin ally , w e di scus s t h e more gen eral form ula t ion of t h e re sul t s us in g t h e w or k of Baxt er an d

Micc h elli [BaM]. Sp eci�cally , w e sh o w t h a t all of t h e re sul t s of t hi s s ect ion ap p ly wh en t h e Ga us s ian

i s rep lace d b y an y t ensor pro d u ct of ev en, a b so lu t ely in t egra b le P� oly a f requency fu nct ions. W e

recall t h a t a fu nct ion ' : R ! R i s a P� oly a f requency fu nct ion if t h e m a tr ix ( ' ( x

j

� y

k

))

n

j;k =1

i s

t ot ally p o s it iv e for an y re al n u m b ers x

1

< � � � < x

n

an d y

1

< � � � < y

n

.

Pro p o s it ion 2.4. L et ' : R ! R b e an even, absolutely inte gr able P� olya fr e quency function. Then

ther e is an even r e al se quenc e ( c

j

)

j 2Z

such that

P

k 2Z

c

2

k

< 1 and the function � : R ! R de�ne d

by

� ( x ) =

X

k 2Z

c

k

' ( x � k ) ; x 2 R ; (2 : 16)

satis�es

� ( j ) = �

0 j

; j 2 Z :

F urthermor e, the c o e�cients ( c

k

)

k 2Z

of � alternate in sign, that is ( � 1)

k

c

k

� 0 .
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Pr o of. In [S2] it i s sh o wn t h a t an ev en, a b so lu t ely in t egra b le P� oly a f requency fu nct ion m ust d ecay

exp on en t ially for large argu m en t, whic h imp lie s t h a t t h e in�nit e s er ie s (2.16) i s w ell d e�n e d. St an-

d ard T o ep litz t h eory pro vid e s t h e rem ainin g pro p ert ie s of � except for t h e al t er n a t ion of s igns of it s

co e�cien t s, whic h f act require s only minor mo di�ca t ions t o t h e pro of of Pro p o s it ion 2.2.

Th e an alogue of Th eorem 2.1 i s equally straigh tforw ard.

Th eorem 2.5. L et ' : R ! R b e an even, absolutely inte gr able P� olya fr e quency function and let

A = ( ' ( j � k ))

j;k 2Z

. Then k A

� 1

k

p

= k A

� 1

k

1

for every p gr e ater than one.

Pr o of. Th e pro of of Th eorem 2.1 require s on e imp ort an t c h an ge t o e�ect t hi s re sul t. Sp eci�cally ,

equa t ion (2.9) i s no w a cons equence of Th eorem 4.2 of [BaM] inst e ad of Lemm a 2.7 of [Ba2].

F or t h e m ul t iv ar ia t e form of t hi s t h eorem, it i s ap pro pr ia t e t o d e�n e ' : R

d

! R b y t h e t ensor

pro d u ct

' ( x ) =

d

Y

j =1

'

j

( x

j

) ; x = ( x

1

; : : : ; x

d

) 2 R

d

; (2 : 17)

wh ere e ac h '

j

i s an ev en, a b so lu t ely in t egra b le P� oly a f requency fu nct ion; w e not e t h a t t h e m ul t i-

v ar ia t e Ga us s ian ar i s e s in t hi s w ay f rom t h e u niv ar ia t e Ga us s ian. It i s not di�cul t t o constru ct

fu nct ions of t h e form (2.17). F or examp le, ' ( x ) = exp( �k x k

1

) will do. W e refer t h e re ad er t o [BaM]

for d et ails.

As b efore, w e cons id er t h e T o ep litz m a tr ix

A = ( ' ( j � k ))

j;k 2Z

d ; (2 : 18)

wh ere ' i s giv en b y (2.17). Th e sym b o l fu nct ion sa t i s�e s t h e equa t ion

� ( � ) =

d

Y

j =1

�

j

( �

j

) ; � = ( �

1

; : : : ; �

d

) 2 R

d

; (2 : 19)

wh ere

�

j

( � ) =

X

k 2Z

^'

j

( � + 2 � k ) ; � 2 R : (2 : 20)

Th erefore t h e in v ers e of t h e in t erp o la t ion m a tr ix (2.18) i s giv en b y A

� 1

= ( c

( d )

j � k

)

j;k 2Z

d , wh ere

X

k 2Z

d

c

( d )

k

' ( j � k ) = �

0 j

; j 2 Z

d

:

F urt h ermore, (2.19) imp lie s

c

( d )

k

=

d

Y

j =1

c

j k

j

; k = ( k

1

; : : : ; k

d

) 2 Z

d

; (2 : 21)
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an d

P

l 2Z

c

j l

'

j

( k � l ) = �

0 k

, for k 2 Z an d j 2 f 1 ; 2 ; : : : ; d g . By Pro p o s it ion 2.4, w e h a v e

( � 1)

k

1

+ ��� + k

d

c

( d )

k

=

d

Y

j =1

( � 1)

k

j

c

j k

j

� 0 : (2 : 22)

Th erefore, as for t h e Ga us s ian, w e h a v e k A

� 1

k

2

= k A

� 1

k

1

. A p p lyin g t h e Rie sz con v exit y t h eorem

yields t h e an alogue of Pro p o s it ion 2.3, whic h w e st a t e form ally b elo w.

Th eorem 2.6. L et f '

j

: R ! R : j = 1 ; : : : ; d g b e any set of even, absolutely inte gr able P� olya

fr e quency functions. If ' : R

d

! R is de�ne d by the tensor pr o duct (2.17) and the bi-in�nite,

symmetric, T o eplitz matrix A is given by (2.18), then k A

� 1

k

p

= k A

� 1

k

1

for every p gr e ater than

one.

3.Th e m ain re sul t s

Let ( x

j

)

n

j =1

b e an y s et of di�eren t p oin t s, or cen tre s, in R

d

, let ' : R

d

! R b e an ev en fu nct ion,

an d let A = ( ' ( x

j

� x

k

))

n

j;k =1

b e t h e as so cia t e d in t erp o la t ion m a tr ix. F or m an y c h oice s of ' , t h ere

exi st up p er b ou n ds on k A

� 1

k

2

whic h d ep en d only on ' , t h e dim ens ion d of t h e am bien t space, an d

t h e minim u m s epara t ion di st ance min

j 6= k

k x

j

� x

k

k

2

of t h e cen tre s ([NW1, NW2]). In t hi s s ect ion

w e sh o w t h a t t h e sam e i s true for ev ery p -norm for a cert ain clas s of fu nct ions ' whic h includ e s

t h e Ga us s ian. In f act, it su�ce s t o pro v e t hi s wh en p = 1 , b eca us e A i s symm etr ic an d t h e Rie sz

con v exit y t h eorem ([HLP , p. 214]) imp lie s t h a t log k A

� 1

k

p

i s a con v ex fu nct ion of 1 =p for p � 1;

t h erefore mo st of t hi s s ect ion st udie s k A

� 1

k

1

.

Th e s ect ion f alls n a t urally in t o t w o part s. In t h e �rst, w e d e scr ib e a m et h o d for obt ainin g up p er

b ou n ds on k A

� 1

k

1

in t erms of k A

� 1

k

2

, pro vid e d t h e m a tr ix A i s symm etr ic, p o s it iv e d e�nit e, an d

can b e ap pro xim a t e d su�cien t ly rapidly b y ban d e d m a tr ice s; t h e m ain t h eorem h ere i s Th eorem 3.6.

Th e s econ d part of t h e s ect ion d e als wit h t h e ap p lica t ion of t hi s m et h o d t o in t erp o la t ion m a tr ice s,

an d culmin a t e s in Th eorem 3.11 an d Coro llary 3.12.

Our m ain t o o l in t h e m a tr icial an alys i s t o fo llo w i s a t h eorem of Demk o, Mo s s an d Smit h, giv en

b elo w.

Th eorem 3.1. L et A 2 R

n � n

b e a p ositive de�nite symmetric matrix. If A is m -b ande d, that is

A

j k

= 0 whenever j j � k j exc e e ds m , then

�

�

�

A

� 1

j k

�

�

�

� 2 k A

� 1

k

2

�

j j � k j

; 1 � j; k � n; (3 : 1)

wher e � =

�

p

con d

2

( A ) � 1

p

con d

2

( A ) +1

�

1 =m

and con d

2

( A ) = k A k

2

k A

� 1

k

2

.
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Pr o of. Thi s i s Th eorem 2.4 of [DMS].

W e sh all ext en d t h e prece din g t h eorem t o m a tr ice s in d exe d b y d -dim ens ion al in t egers. A preci s e

d e�nit ion of su c h m a tr ice s fo llo ws.

De�nit ion 3.2. W e sh all say t h a t a multivariate matrix A i s s imp ly a �nit ely sup p ort e d fu nct ion

A : Z

d

� Z

d

! R . W r it in g A

j k

for A ( j; k ), t h e fo llo win g t erms ext en d in a n a t ural w ay .

(i) A i s symmetric if A

j k

= A

k j

for all j; k 2 Z

d

.

(ii) A i s p ositive de�nite if

X

j;k 2Z

d

y

j

y

k

A

j k

> 0 (3 : 2)

for ev ery �nit ely sup p ort e d non-zero re al s equence ( y

j

)

j 2Z

d su c h t h a t t h e sup p ort of t h e m a tr ix

( y

j

y

k

)

j;k 2Z

d i s con t ain e d in t h e sup p ort of A .

(iii) A i s R -ban d e d, wh ere R i s a p o s it iv e const an t, if A

j k

= 0 wh en ev er k j � k k

2

excee ds R .

(Thi s not ion of ban d e dn e s s for m ul t iv ar ia t e m a tr ice s i s highly us eful in ot h er con t ext s. See, for

inst ance, [d e B, p. 43].)

Arm e d wit h t h e s e concept s, it i s p o s s ib le t o ext en d Th eorem 3.1 t o m ul t iv ar ia t e m a tr ice s.

Th eorem 3.3. L et A = ( A

j k

)

j;k 2Z

d b e a symmetric p ositive de�nite matrix which is m -b ande d,

wher e m is a p ositive inte ger. Then

j A

� 1

j k

j � 2 k A

� 1

k

2

�

k j � k k

2

; j; k 2 Z

d

; (3 : 3)

wher e � =

�

p

con d

2

( A ) � 1

p

con d

2

( A ) +1

�

1 =m

.

Pr o of. Th e pro of of Th eorem 2.4 of [DMS] require s only minor c h an ge s t o e�ect t hi s re sul t. Sp ecif-

ically , w e not e t h a t if A i s m -ban d e d t h en A

l

i s l m -ban d e d for an y p o s it iv e in t eger l .

Th eorem 3.3 pro vid e s t h e fo llo win g up p er b ou n d on k A

� 1

k

1

for symm etr ic, p o s it iv e d e�nit e, ban d e d

m ul t iv ar ia t e m a tr ice s A .

Coro llary 3.4. L et A b e as in The or em 3.3. Then

k A

� 1

k

1

� 2 k A

� 1

k

2

 

1 + �

1 =

p

d

1 � �

1 =

p

d

!

d

= 2 k A

� 1

k

2

�

t anh

�

1

2 md

log

�

� + 1

� � 1

� ��

� d

; (3 : 4)

wher e � =

p

con d

2

( A ) . F urther, if k A

� 1

k

2

� � and con d

2

( A ) � � , then

k A

� 1

k

1

� 2 �

�

1 + �

1 � �

�

d

; (3 : 5)

wher e � =

�

p

� � 1

p

� +1

�

1 =m

p

d

.
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Pr o of. Th e Ca u c h y-Sc h w arz in equalit y an d (3.3) pro vid e t h e rela t ions

k A

� 1

k

1

� 2 k A

� 1

k

2

X

k 2Z

d

�

k k k

2

� 2 k A

� 1

k

2

X

k 2Z

d

�

k k k

1

=

p

d

= 2 k A

� 1

k

2

 

1

X

l = �1

�

j l j =

p

d

!

d

= 2 k A

� 1

k

2

 

1 + �

1 =

p

d

1 � �

1 =

p

d

!

d

:

Us in g t h e id en t it y

1 � �

1 =

p

d

1 + �

1 =

p

d

= t anh

�

1

2 m

p

d

log

�

� + 1

� � 1

� �

pro vid e s t h e rem ain d er of (3.4). F urt h ermore, it i s elem en t ary t h a t t h e fu nct ion

[0 ; 1 ) 3 x 7!

�

t anh

�

1

2 m

p

d

log

�

x + 1

x � 1

� ��

� d

i s incre as in g, whic h imp lie s t h e s econ d part of t hi s coro llary .

W e wi sh t o us e Coro llary 3.4 t o obt ain up p er b ou n ds on k A

� 1

k

1

wh en A i s a symm etr ic,

p o s it iv e d e�nit e m ul t iv ar ia t e m a tr ix whic h can b e ap pro xim a t e d su�cien t ly rapidly b y ban d e d

m a tr ice s. W e n ee d t h e fo llo win g st an d ard p ert urba t ion re sul t.

Lemm a 3.5. L et ( V ; k � k ) b e any norme d sp ac e and let S : V ! V b e an invertible b ounde d line ar

op er ator whose inverse is also b ounde d. If T : V ! V is a line ar op er ator such that k S � T k �

1 = (2 k S

� 1

k ) , then k T

� 1

k � 2 k S

� 1

k .

Pr o of. W e h a v e t h e rela t ions

k T x k � k S x k � k ( S � T ) x k � k x k = k S

� 1

k � k x k = (2 k S

� 1

k ) = k x k = (2 k S

� 1

k ) :

W e no w addre s s t h e m ain re sul t of t h e �rst part of t hi s s ect ion.

Th eorem 3.6. Supp ose A = ( A

j k

)

j;k 2Z

d is a symmetric, p ositive de�nite matrix. L et ( A

m

)

1

m =1

,

b e a se quenc e of symmetric multivariate matric es such that

(i) A

m

is m -b ande d for e ach p ositive inte ger m ;

(ii) sup

m

k A

m

k

1

=: K < 1 ;

(iii) k A � A

m

k

1

= O ( m

� t + d

) , for some c onstant t > 2 d .

Then ther e exists an incr e asing function D : [0 ; 1 ) ! [0 ; 1 ) such that k A

� 1

k

1

� D ( k A

� 1

k

2

) .
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Pr o of. Sup p o s e k x k

2

= 1. Th e Ca u c h y-Sc h w arz in equalit y an d t h e symm etry of A � A

m

yield t h e

pair of in equalit ie s

j x

T

Ax � x

T

A

m

x j � k A � A

m

k

2

� k A � A

m

k

1

:

So, b y as su mpt ion (iii) an d p o s it iv e d e�nit en e s s of A , t h ere exi st s a p o s it iv e in t eger m

0

su c h t h a t,

for ev ery m � m

0

, A

m

i s p o s it iv e d e�nit e an d k A � A

m

k

2

� 1 = (2 k A

� 1

k

2

). Cons equen t ly , Lemm a

3.5 imp lie s t h a t k A

� 1

m

k

2

� 2 k A

� 1

k

2

for m � m

0

, so f rom as su mpt ion (ii), w e h a v e t h e e st im a t e

con d

2

( A

m

) � 2 K k A

� 1

k

2

=: � , m � m

0

. Hence, w e conclud e f rom Coro llary 3.4 t h a t

k A

� 1

m

k

1

� 4 k A

� 1

k

2

�

1 + �

1 � �

�

d

; m � m

0

; (3 : 6)

wh ere

� =

�
p

� � 1

p

� + 1

�

1 = ( m

p

d )

:

A p p lyin g (3.4), w e �n d t h a t t h e r igh t h an d s id e of (3.6) i s O ( m

d

), so, s ince t > 2 d , as su mpt ion (iii)

guaran t ee s t h e exi st ence of a p o s it iv e in t eger m

1

� m

0

su c h t h a t k A � A

m

k

1

� 1 = (2 k A

� 1

m

k

1

) for

all m � m

1

. An ap p e al t o Lemm a 3.5 an d in equalit y (3.6) no w pro vid e s t h e fo llo win g �n al e st im a t e:

k A

� 1

k

1

� 2 k A

� 1

m

k

1

� 8 k A

� 1

k

2

�

1 + �

1 � �

�

d

; m � m

1

; (3 : 7)

wh ere

� =

�
p

� � 1

p

� + 1

�

1 = ( m

p

d )

:

Th e ob s erv a t ion t h a t t h e r igh t h an d s id e of (3.7) i s an incre as in g fu nct ion of k A

� 1

k

2

comp let e s t h e

pro of.

W e no w ap p ly t h e re sul t s obt ain e d h eret ofore t o in t erp o la t ion m a tr ice s of t h e form ( ' ( x

j

�

x

k

))

n

j;k =1

, wh ere ( x

j

)

n

j =1

i s an y s et of di�eren t p oin t s in R

d

an d ' : R

d

! R i s an ev en fu nct ion.

In ord er t o do so, let us re-expre s s t h e in t erp o la t ion m a tr ix as a m ul t iv ar ia t e m a tr ix of t h e form

A = ( A

j k

)

j;k 2Z

d . Roughly sp e akin g, w e c h o o s e a scalin g z

j

= �x

j

, for j = 1 ; : : : ; n , an d la b el e ac h

z

j

wit h a n e arb y m em b er of t h e la t t ice Z

d

. More preci s ely , w e us e t h e fo llo win g elegan t lemm a of

D. Hensley .

Lemm a 3.7. L et ( z

j

)

n

j =1

b e any subset of R

d

such that k z

j

� z

k

k

2

�

p

d when j 6= k . De�ne

�

j

=

�

b �

j

1

c ; : : : ; b �

j

d

c

�

; j = 1 ; : : : ; n;

wher e z

j

= ( �

j

1

; : : : ; �

j

d

) and b�c denotes the gr e atest inte ger function. Then the p oints ( �

j

)

n

j =1

ar e

al l di�er ent. F urther, if k �

j

� �

k

k

2

� R and R � 4

p

d , then k z

j

� z

k

k

2

� R= 2 .
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Pr o of. If �

j

= �

k

, t h en j �

j

l

� �

k

l

j < 1 for l = 1 ; : : : ; d , whic h imp lie s k z

j

� z

k

k

2

<

p

d . Th erefore

j = k an d w e h a v e sh o wn t h a t t h e in t egers ( �

j

)

n

j =1

are all di�eren t. F or t h e s econ d st a t em en t of t h e

lemm a, w e not e t h a t

k �

j

� �

k

k

2

� k z

j

� z

k

k

2

+ k ( z

j

� �

j

) � ( z

k

� �

k

) k

2

< k z

j

� z

k

k

2

+ 2

p

d;

wh ence k �

j

� �

k

k

2

� R imp lie s k z

j

� z

k

k

2

� R � 2

p

d � R= 2 for R � 4

p

d .

In ord er t o ap p ly Lemm a 3.7 t o arbitrary s et s of di st inct p oin t s, w e in tro d u ce t h e fo llo win g t ermi-

no logy .

De�nit ion 3.8. Let q b e a p o s it iv e n u m b er. A su b s et X of R

d

i s said t o b e q -s epara t e d if t h e

o p en balls f B

x

g

x 2 X

are di sjoin t, wh ere B

x

= f y 2 R

d

: k x � y k

2

< q g .

W e are no w re ady t o d e�n e t h e m ul t iv ar ia t e m a tr ix corre sp on din g t o ( ' ( x

j

� x

k

))

n

j;k =1

. Giv en

an y q -s epara t e d su b s et ( x

j

)

n

j =1

in R

d

, w e s et z

j

= (

p

d= 2 q ) x

j

for j = 1 ; : : : ; n , an d calcula t e in t egers

( �

j

)

n

j =1

us in g Lemm a 3.7. De�n e A = ( A

j k

)

j;k 2Z

d b y t h e equa t ions

A

j k

=

�

' ( x

l

� x

m

) ; if j = �

l

an d k = �

m

0 ; ot h erwi s e

: (3 : 8)

Th us, if ' i s a str ict ly p o s it iv e d e�nit e fu nct ion of compact sup p ort, t h en (3.8) pro d u ce s a ban d e d,

p o s it iv e d e�nit e, symm etr ic m ul t iv ar ia t e m a tr ix A . Unfort u n a t ely , whilst t h ere are s ev eral str ict ly

p o s it iv e d e�nit e radial bas i s fu nct ions in common us e, su c h as t h e Ga us s ian ' ( x ) = exp( � � k x k

2

2

)

an d t h e in v ers e m ul t iquadr ic ' ( x ) = ( k x k

2

2

+ c

2

)

1 = 2

, not on e enjo ys t h e pro p ert y of compact sup p ort.

Ho w ev er, if ' d ecays ra t h er quic kly for large argu m en t, t h en it can b e us eful t o ap pro xim a t e ' b y

t h e compact ly sup p ort e d fu nct ion giv en b y

'

m

( x ) :=

�

' ( x ) ; k x k

2

� m

0 k x k

2

> m

;

wh ere m i s som e p o s it iv e in t eger. Th e fu nct ion '

m

giv e s r i s e t o t h e in t erp o la t ion m a tr ix

A

m

:= ( '

m

( x

j

� x

k

))

n

j;k =1

; (3 : 9)

whic h can also b e wr it t en as a m ul t iv ar ia t e m a tr ix us in g '

m

in p lace of ' in (3.8). Moreo v er, A

m

i s m -ban d e d, an d w e sh all us e it t o ap pro xim a t e t h e or igin al m a tr ix A .

Th e an alys i s of t h e ban d e d s ect ions A

m

require s t h e n ext t w o lemm a t a.

Lemm a 3.9. L et X b e any q -sep ar ate d subset of R

d

c ontaine d in the annulus f x 2 R

d

: r

1

�

k x k

2

� r

2

g , wher e q � r

1

� r

2

. L et ' : R

d

! R b e a function such that

0 � ' ( x ) � C k x k

� t

2

; x 2 R

d

;

12
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wher e C and t > d ar e p ositive c onstants. Then

X

x 2 X

' ( x ) � 3 dq

� t

C

b r

2

=q c

X

l = b r

1

=q c

l

� t

( l + 2)

d � 1

� 3 dq

� t

C

1

X

l =1

l

� t

( l + 2)

d � 1

< 1 : (3 : 10)

Pr o of. W e h a v e

X

x 2 X

' ( x ) � C

X

x 2 X

k x k

� t

2

� q

� t

C

b r

2

=q c

X

l = b r

1

=q c

l

� t

card f x 2 X : q l � k x k

2

� q ( l + 1) g :

No w card f x 2 X : q l � k x k

2

� q ( l + 1) g cannot b e larger t h an t h e m axim u m n u m b er of di sjoin t

o p en balls of radius q whic h can b e pac k e d in t h e ann ulus f x 2 R

d

: q ( l � 1) � k x k

2

� q ( l + 2) g ,

an d compar in g t h e v o lu m e s of t hi s la t t er ann ulus wit h t h a t of an o p en ball of radius q w e obt ain

t h e up p er b ou n d ( l + 2)

d

� ( l � 1)

d

� 3 d ( l + 2)

d � 1

. Hence

X

x 2 X

' ( x ) � 3 dq

� t

C

b r

2

=q c

X

l = b r

1

=q c

l

� t

( l + 2)

d � 1

� 3 dq

� t

C

1

X

l =1

l

� t

( l + 2)

d � 1

< 1 ;

t h e con dit ion t > d imp lyin g t h e �nit en e s s of t hi s �n al b ou n d.

Lemm a 3.10. L et ( x

j

)

n

j =1

b e any q -sep ar ate d subset of R

d

and let A = ( ' ( x

j

� x

k

))

n

j;k =1

wher e

' : R

d

! R is as in L emma 3.9. Supp ose A

m

is the b ande d matrix given by (3.9) for every p ositive

inte ger m . Then sup

m

k A

m

k

1

< 1 and k A � A

m

k

1

= O ( m

� t + d

) .

Pr o of. St an d ard lin e ar alge bra an d t h e d e�nit ion of '

m

imp ly t h e rela t ions

k A

m

k

1

� k A k

1

= ' (0) + m ax

1 � j � n

n

X

k =1 ;k 6= j

' ( x

j

� x

k

) : (3 : 11)

It i s e asy t o c h ec k t h a t t h e p oin t s f x

j

� x

k

g

n

k =1 ;k 6= j

form a q -s epara t e d s et of R

d

sa t i sfyin g t h e

h yp ot h e s e s of Lemm a 3.9. Cons equen t ly , (3.10) an d (3.11) pro vid e t h e in equalit y

k A

m

k

1

� ' (0) + 3 dq

� t

C

1

X

l =1

l

� t

( l + 2)

d � 1

< 1 (3 : 12)

for ev ery m . A s imilar argu m en t le ads t o t h e e st im a t e

k A � A

m

k

1

� 3 dq

� t

C

1

X

l = b m=q c

l

� t

( l + 2)

d � 1

; (3 : 13)

wh ence t h e as s ert e d ra t e of con v ergence.

Not e t h a t (3.12) an d (3.13) do not d ep en d on t h e part icular c h oice of q -s epara t e d s et ( x

j

)

n

j =1

.

W e clo s e t h e s ect ion wit h our m ain re sul t s for in t erp o la t ion m a tr ice s.
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Th eorem 3.11. L et ' : R

d

! R b e a strictly p ositive de�nite function such that

0 � ' ( x ) � C k x k

� t

2

; x 2 R

d

;

wher e C and t > 2 d ar e c onstants. Then ther e is an incr e asing function D : [0 ; 1 ) ! [0 ; 1 ) such

that, for every �nite q -sep ar ate d subset ( x

j

)

n

j =1

of R

d

, the interp olation matrix A = ( ' ( x

j

� x

k

))

n

j;k =1

satis�es the ine quality

k A

� 1

k

1

� D ( k A

� 1

k

2

) :

Pr o of. Let A

m

b e as a b o v e an d regard A an d A

m

as m ul t iv ar ia t e m a tr ice s. Th e require d re sul t

fo llo ws f rom Lemm a 3.10 an d Th eorem 3.6.

Coro llary 3.12. L et ' : R

d

! R satisfy the c onditions of The or em 3.11 and let ther e b e a c onstant

K ( q ) such that

k A

� 1

k

2

� K ( q ) ; (3 : 14)

wher e A = ( ' ( x

j

� x

k

))

n

j;k =1

and ( x

j

)

n

j =1

c an b e any �nite q -sep ar ate d subset of R

d

. Then ther e is

a c onstant L ( q ) for which

k A

� 1

k

p

� L ( q ) ; (3 : 15)

for every p � 1 .

Pr o of. Thi s fo llo ws imm e dia t ely f rom Th eorem 3.11 wh en p = 1 , t h e re sul t for p = 1 b e in g an

ob vious cons equence of symm etry . Th e Rie sz con v exit y t h eorem t h en pro vid e s t h e re sul t for all p

gre a t er t h an on e.

W e refer t h e re ad er t o [NW1, NW2] for b ou n ds su c h as (3.14).

4.An ap p lica t ion t o t h e Hardy m ul t iquadr ic

Let ' : R ! R b e t h e Hardy m ul t iquadr ic, t h a t i s

' ( x ) = ( x

2

+ c

2

)

1 = 2

; x 2 R ; (4 : 1)

wh ere c i s a non-n ega t iv e const an t, an d let A

n

= ( ' ( j � k ))

n

j;k =0

. In t hi s s ect ion w e pro v e t h a t

sup

n

k A

� 1

n

k

1

i s �nit e for ev ery c � 0. Thi s i s not a s imp le cons equence of Sect ion 3 b eca us e t h e

Hardy m ul t iquadr ic i s not a p o s it iv e d e�nit e fu nct ion. Ho w ev er, w e �n d t h a t it i s suit a b le t o ap p ly

t h e re sul t s of Sect ion 3 t o t h e s econ d divid e d di�erence of t h e m ul t iquadr ic in t h e ra t h er sp ecial

cas e of equally space d p oin t s on a lin e, t h e gen eral cas e b e in g u ncle ar a t t hi s t im e. W e emph as ize

14
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t h a t t h e con v ergence an alys i s of in t erp o la t ion a t equally space d p oin t s on a lin e i s st ill a t o pic for

curren t re s e arc h. In part icular, t h e pap ers of [BP , P] are d ev ot e d t o t hi s prob lem. F urt h ermore, [P]

�n ds t h a t t h ere i s an in t im a t e link b et w een u niform con v ergence of t h e m ul t iquadr ic in t erp o lan t s

an d t h e b ou n d e dn e s s of t h e s et fk A

� 1

n

k

1

: n = 1 ; 2 ; : : : g . Th erefore t h ere are s ev eral re asons t o

st udy b ou n ds on k A

� 1

n

k

1

.

Wh en c = 0, A

n

b ecom e s t h e Eu clid e an di st ance m a tr ix ( j j � k j )

n

j;k =0

. Direct calcula t ion

pro vid e s t h e in v ers e m a tr ix

0

B

B

B

B

B

B

@

(1 � n ) = 2 n 1 = 2 1 = 2 n

1 = 2 � 1 1 = 2

1 = 2 � 1

.

.

.

� 1 1 = 2

1 = 2 n 1 = 2 (1 � n ) = 2 n

1

C

C

C

C

C

C

A

: (4 : 2)

Th us k A

� 1

n

k

1

= 2 for ev ery n wh en c = 0. Th erefore w e re str ict a t t en t ion t o t h e cas e wh en c i s

p o s it iv e.

Our t ec hnique re st s on t h e ob s erv a t ion t h a t t h e s econ d divid e d di�erence

 ( x ) =

1

2

( ' ( x + 1) � 2 ' ( x ) + ' ( x � 1)) ; x 2 R ; (4 : 3)

gen era t e s m a tr ice s C

n

= (  ( j � k ))

n

j;k =0

whic h are am en a b le t o t h e an alys i s of Sect ion 3. Sp eci�cally

w e h a v e t h e fo llo win g pair of re sul t s.

Lemm a 4.1. The c ondition numb ers (con d

2

( C

n

))

1

n =0

form a b ounde d set.

Lemm a 4.2. Ther e is a c onstant � such that

k C

� 1

n

k

1

� � ; n � 0 : (4 : 4)

W e sh all pro v e t h e s e lemm a t a la t er in ord er t o con t in ue our m ain argu m en t.

Let us in tro d u ce a n ew m a tr ix B

n

b y t h e equa t ion

B

n

= C

n

A

� 1

n

; n � 0 ; (4 : 5)

recallin g t h a t A

n

i s in v ert ib le b y [M, Th eorem 2.3]. Th e part icular form of C

n

allo ws us t o calcula t e

B

n

ra t h er e as ily . In d ee d w e �n d t h a t

B

n

=

0

B

B

B

B

B

B

@

�

T

n

1 = 2 � 1 1 = 2

1 = 2 � 1

.

.

.

� 1 1 = 2

�

T

n

1

C

C

C

C

C

C

A

; (4 : 6)
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wh ere

A

n

�

n

=

0

B

B

@

 (0)

 (1)

.

.

.

 ( n )

1

C

C

A

=: 


n

(4 : 7)

an d ( �

n

)

j

= ( �

n

)

n � j

for j = 0 ; 1 ; : : : ; n . Th us (4.7) imp lie s t h e in equalit ie s

k B

n

k

1

� 2 + 2 m ax

0 � j � n

j ( �

n

)

j

j � 2 + 2 k A

� 1

n

k

2

� k 


n

k

2

: (4 : 8)

No w an ap p lica t ion of t h e m e an v alue t h eorem pro vid e s t h e rela t ion  ( x ) = O ( j x j

� 3

) for large j x j ,

whic h allo ws us t o conclud e t h a t

k 


n

k

2

2

�

1

X

j =0

 ( j )

2

= O (

1

X

j =1

j

� 6

) < 1 : (4 : 9)

Cons equen t ly sup

n

k 


n

k

2

i s �nit e. F urt h ermore, sup

n

k A

� 1

n

k

2

i s also �nit e (s ee [NW2] or [Ba2,

Pro p o s it ion 4.2]). Hence t h ere i s a const an t �, d ep en din g only on c , su c h t h a t

k B

n

k

1

� � ; n � 0 : (4 : 10)

A p p lyin g (4.5), (4.10), Lemm a 4.2, an d t h e symm etry of C

n

, w e obt ain t h e rela t ions

k A

� 1

n

k

1

= k A

� 1

n

k

1

� k C

� 1

n

k

1

k B

n

k

1

� �� ; (4 : 11)

for ev ery non-n ega t iv e in t eger n .

Fin ally , w e addre s s t h e pro ofs of Lemm a t a 4.1 an d 4.2. It i s e asy t o s ee t h a t sup

n

con d

2

( C

n

)

i s �nit e us in g t h e clas s ical t h eory of T o ep litz o p era t ors, b eca us e t h e sym b o l fu nct ion � ( � ) =

P

k 2Z

d

^

 ( � + 2 � k ) i s cle arly a p o s it iv e con t in uous fu nct ion. Ho w ev er, w e includ e a sh arp b ou n d on

con d

2

( C

n

) for t h e enjo ym en t of t h e re ad er.

Lemm a 4.3. L et �: R

d

! R b e the d -dimensional multiquadric

�( x ) =

�

k x k

2

2

+ c

2

�

1 = 2

; x 2 R

d

:

Then the function

^

	: R

d

! R given by

^

	 ( � ) = � 2 s in

2

( k � k

2

= 2)

^

� ( � ) ; � 2 R

d

; (4 : 12)

is absolutely inte gr able. F urther, its inverse F ourier tr ansform

	( x ) = (2 � )

� d

Z

R

d

^

	( � ) e

ix�

d� ; x 2 R

d

; (4 : 13)

is a uniformly c ontinuous function which is r adial ly symmetric and strictly p ositive de�nite.
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Pr o of. Th e F our ier transform

^

� i s kno wn t o b e a non-p o s it iv e radially symm etr ic fu nct ion d ecayin g

exp on en t ially for large argu m en t for whic h t h e limit lim

k � k

2

! 0

k � k

d +1

2

^

�( � ) exi st s [Ba2, Sect ion 4].

Thi s imp lie s t h a t

^

	 i s an a b so lu t ely in t egra b le radially symm etr ic fu nct ion, b eca us e t h e exi st ence

of t h e limit lim

k � k

2

! 0

k � k

d � 1

2

^

	 ( � ) ensure s t h a t

^

	 i s su mm a b le on ev ery b ou n d e d n e igh b ourh o o d of

zero, an d

^

	 inh er it s t h e exp on en t ial d ecay of

^

� for large argu m en t. Th us (4.13) d e�n e s a u niformly

con t in uous radially symm etr ic fu nct ion 	: R

d

! R . F urt h er, 	 i s p o s it iv e d e�nit e b eca us e (4.13)

yields t h e rela t ions

n

X

j;k =1

y

j

y

k

	( x

j

� x

k

) = (2 � )

� d

Z

R

d

�

�

�

n

X

j =1

y

j

e

ix

j

�

�

�

�

2

^

	( � ) d� � 0 ;

for an y comp lex n u m b ers ( y

j

)

n

j =1

an d for an y p oin t s ( x

j

)

n

j =1

in R

d

. Moreo v er, if t h e s equence ( y

j

)

n

j =1

i s non-zero an d if t h e p oin t s ( x

j

)

n

j =1

are all di�eren t, t h en t h e fu nct ion C

d

3 � 7!

P

n

j =1

y

j

e

ix

j

�

i s

a non-zero en t ire fu nct ion of d comp lex v ar ia b le s. Hence, it s zero-s et f � 2 R

d

:

P

n

j =1

y

j

e

ix

j

�

= 0 g

h as m e asure zero. Fin ally , s ince

^

� i s n ega t iv e almo st ev erywh ere, w e d e d u ce t h a t t h e last in equalit y

i s str ict, whic h imp lie s t h a t 	 i s str ict ly p o s it iv e d e�nit e.

Thi s re sul t i s relev an t b eca us e � = ' an d 	 =  wh en d = 1. Th us Lemm a 4.3 rev e als t h a t

 i s t h e u niv ar ia t e form of a radially symm etr ic fu nct ion whic h i s str ict ly p o s it iv e d e�nit e for an y

dim ens ion d . Th e pro of of Lemm a 4.1 m ay no w b e comp let e d us in g [Ba2, Th eorem 4.1] as fo llo ws.

Pr o of of L emma 4.1. Lemm a 4.3 an d [Ba2, Th eorem 3.10] imp ly t h a t t h e sym b o l fu nct ion � : R

d

! R

d e�n e d b y t h e equa t ion

� ( � ) =

X

k 2Z

d

^

	 ( � + 2 � k ) ; � 2 R

d

; (4 : 14)

sa t i s�e s t h e in equalit ie s

� ( � e ) � � ( � ) � � (0) ; � 2 R

d

; (4 : 15)

wh ere e = [1 ; 1 ; : : : ; 1]

T

2 R

d

. F urt h er, t h e t h eory of T o ep litz o p era t ors d e scr ib e d in [Ba2, Sect ion

1] yields t h e b ou n ds

k C

n

k

2

� � (0) an d k C

� 1

n

k

2

� 1 =� ( � ) ; n = 0 ; 1 ; 2 ; : : : ; (4 : 16)

wh en d = 1. Hence con d

2

( C

n

) � � (0) =� ( � ) for ev ery non-n ega t iv e in t eger n , an d t hi s i s b e st

p o s s ib le.

Pr o of of L emma 4.2 . Thi s i s a s imp le ap p lica t ion of Th eorem 3.11, s ince w e h a v e alre ady s een t h a t

 i s a p o s it iv e d e�nit e fu nct ion whic h d ecays cu bically for large argu m en t, t h a t i s  ( x ) = O ( j x j

� 3

)

as j x j ! 1 .
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