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A function f : [0 ; 1 ) ! R for whic h the quadratic form
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is non-negativ e, for any p ositiv e in tegers n and d and all p oin ts x

1

; : : : ; x

n

lying in R

d

, where k � k denotes the Euclidean norm, is said to b e p ositive

de�nite on Hilb ert sp ac e . In Sc ho en b erg (1938), it w as sho wn that a function

is p ositiv e de�nite on Hilb ert space if and only if it is completely monotonic.

Unfortunately , Sc ho en b erg's pro of w as rather complicated. In this pap er, w e

presen t a short geometric pro of of this b eautiful fact.

1. In tro duction

Let f : [0 ; 1 ) ! R b e a function for whic h the quadratic form
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is non-negativ e, for any p ositiv e in tegers n and d and all p oin ts x

1

; : : : ; x
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lying in R

d

, where k � k denotes the Euclidean norm. In other w ords, if H is

an y Hilb ert space that is isomorphic to `

2

( Z ), then f : [0 ; 1 ) ! R has the

prop ert y that ev ery matrix
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is non-negativ e de�nite, for an y p ositiv e in teger n and an y p oin ts x

1

; : : : ; x

n

2

H . Accordingly , w e sa y that f is p ositive de�nite on Hilb ert sp ac e , al-

though w e remark that m uc h of the literature prefers the more cum b ersome

term \p ositiv e de�nite on ev ery R

d

". Suc h functions w ere c haracterized

b y I. J. Sc ho en b erg in a remark able series of seminal pap ers collected in

Sc ho en b erg (1988), wherein he w as able to sho w that the class of functions
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p ositiv e de�nite on Hilb ert space is precisely the set of c ompletely monotonic

functions. W e recall that f : (0 ; 1 ) ! R is completely monotonic pro vided

that

( � 1)

k

f

( k )

( x ) � 0 ; for ev ery k = 0 ; 1 ; : : : and for 0 < x < 1 :

The theory of p ositiv e de�nite functions on Hilb ert space has had great

impact in man y �elds; see Micc helli (1986) and the surv ey of metric geometry

in Sc ho en b erg (1988).

Unfortunately , Sc ho en b erg's pro of w as rather complicated. Sp eci�cally ,

he �rst deriv ed an in tegral represen tation for radially symmetric p ositiv e

de�nite functions on R

d

. A careful limiting argumen t, similar in 
a v our

to the Cen tral Limit Theorem, w as then used to pro v e that p ositiv e de�n-

ite functions on Hilb ert space are Laplace transforms of �nite p ositiv e Borel

measures de�ned on the half-line [0 ; 1 ). Suc h Laplace transforms are kno wn

to b e the completely monotonic functions, b y a celebrated theorem of Bern-

stein (see, for instance, Widder (1946)). In this pap er, w e presen t a short

direct pro of that p ostiv e de�nite functions on Hilb ert space are completely

monotonic. F urther, our pro of is based on a geometric construction �rst

used in Baxter (1991).

2. P ositiv e De�nite F unctions on Hilb ert Space

In this note, H can b e an y Hilb ert space isomorphic to `

2

( Z ).

De�nition 2.1. A function f : [0 ; 1 ) ! R will b e called p ositive de�nite

on Hilb ert sp ac e (HPD) if the matrix

�
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(2.1)

is non-negativ e de�nite for ev ery p ositiv e in teger n and an y p oin ts x

1

; : : : ; x

n

2

H . W e shall call an y matrix of the form (2.1) a distanc e matrix .

The classical theory of p ositiv e de�nite functions pro vides the w ell-kno wn

inequalit y

j f ( t ) j � f (0) ;

but a stronger b ound holds for HPD functions.

Prop osition 2.1. Ev ery HPD function is non-negativ e.

Pr o of. Let e

1

; e

2

; : : : b e an y orthonormal sequence in H and c ho ose an y

nonzero real n um b er � . Using the relation f ( k �e
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2

), for
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Hence, for n � 2, w e ha v e

f (2 �

2

) +

2 f (0)

n � 1

� 0 : (2.3)

Letting n ! 1 , w e conclude f (2 �

2

) � 0 for ev ery nonzero real n um b er � .

�

In fact, HPD functions satisfy a much stronger prop ert y . W e recall that,

for an y h > 0, the forwar d di�er enc e op er ator �

h

is de�ned b y the equation

�

h

f ( t ) := f ( t + h ) � f ( t ) ; t � 0 ; (2.4)

so that �

h

f : [0 ; 1 ) ! R . Of course, �

m

h

f := �

h

(�

m � 1

h

f ).

Theorem 2.2. If f : [0 ; 1 ) ! R is HPD, then ( � 1)

m

�

m

h

f is also HPD, for

ev ery h > 0 and p ositiv e in teger m .

Pr o of. It is su�cien t to pro v e that � �

h

f is HPD. T o this end, let x

1

; : : : ; x

n

b e an y v ectors in H , and c ho ose an y unit v ector y 2 H that is orthogonal

to x

1

; : : : ; x

n

. W e no w let A denote the 2 n � 2 n distance matrix generated

b y the p oin ts

x
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y ; : : : ; x

n
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It is easily c hec k ed that
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�

B C

C B

�

;

where the n � n matrices B and C are giv en b y the equations

B
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j
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k
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2
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No w, giv en an y v ector a 2 R

n

, and since f is HPD, w e ha v e
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Hence � �

h

f is HPD. �
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A standard limiting argumen t then allo ws us to deduce that f is com-

pletely monotonic. The slic k construction of Theorem 2.2 w as, in fact, dis-

tilled from a more elab orate geometric arti�ce to b e found in Section 3 of

Baxter (1991), describ ed b elo w.

W e �rst c ho ose an y p oin ts x

1

; : : : ; x

n

2 H and let a

1

; : : : ; a

n

b e real

n um b ers. W e no w pic k a p ositiv e in teger m and an y set of orthonormal

v ectors e
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the cub e generated b y the closed con v ex h ull of e
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Let us no w in tro duce the new con�guration of p oin ts

n

x

j

+ h

1 = 2

y

k

: 1 � j � n; 1 � k � 2

m

o

: (2.5)
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b ecause f is HPD. Ho w ev er, b y construction,
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and the squared distances fk y
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Finally , w e recall the elemen tary form ula (see, for example, Da vis (1975))

( � 1)
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�

m
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f ( t ) =

m
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�

f ( t + h` ) :
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